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Abstract

In this paper we presentseveral extensionsto the well-
known InfoMz tedhnique of parallel coorinates, mainly
concentatingonbrushingandfocus+cont&t visualization.
First, we propose angularbrushing as a new approac
to high-light rational data-pioperties,i.e., featureswhich
dependon two data dimensionginsteadof one). We also
demonstate smoothbrushing of parallel coodinatesas
anintuitivetool for specifyinghon-binarydegree-of-inteest
functions(then usedfor F+C visualization). Thirdly, we
showhow compositebrushesprovidelots of flexibility dur-
ing data exploration.  Additionally, we also presentsev-
eral further and more genewrl extensiongo parallel coor-
dinateswhich there are (@) histogramgo be usedas axis
overlays, (b) interactionfeaturessud as axis re-ordering,
flipping, scalingand panning and (c) detail on demand
implementedsa mouse-wer effect.

Keywords: informationvisualization parallel coordinates,
brushing linear correlations,focus+cont&t visualization

1. Intr oduction

For mary yearsalready parallel coordinateq11, 13, 12
arewell-known andanoftenusedtechniquan information
visualization(InfoViz). Multi-dimensionaldata-setsrevi-
sualizedby drawing a poly-line — for every n-dimensional
data-point— acrosscoordinateaxes which are laid out in
parallel,side-by-sidgseefigure 1 for anexample,four out
of a dozendimensionsshavn). The poly-lines intersect
the parallel coordinateaxes at pointswhich correspondo
the respectre values(dimensions)of the particular data-
points. Thereby up to a dozenof datadimensiongor even
more)arewell visualized especiallywhenthevisualization
is combinedwith properinteractionfeaturessuchasreal-
time re-orderingof coordinateaxesor interactve brushing
in single dimensiong[15]. If usedas an interactve tool,
parallel coordinatesare especiallyeffective in visualizing
correlationdetweemeighboringaxes,outliers,etc.
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Figure 1. Parallel coordinates, a sample view:
the cars data-set is shown, four (out of twelve)
data dimensions are visualized.

Brushing — asalreadymentionedabove, brushingis avery
effective techniquefor specifyingan explicit focusduring
information visualization[1, 20, 22]. The user actively
markssub-setof the data-setas beingespeciallyinterest-
ing, for example,by usinga brush-like interface element.
If usedin conjunctionwith multiple linkedviews, brushing
canenableusersto understandorrelationsacrosamultiple
dimensiond1, 2, 10, 9].

Focus+contextvisualization — brushingalsois very use-
ful to steera drill-down into visualizationsof really big
data-set§17] — by specifyinga (limited andlimiting) focus,
moredetailscanbeshawn for the selectediata-pointsThis
relatesto anothervery importantinfoViz conceptwhich is
focus-plus-contet (F+C) visualization[8, 3]. The basic
ideaof F+C visualizationis to jointly visualizesomeparts
of thedatain detail— usuallythosepartswhich areof prime
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Figure 2. Extended parallel coordinates, a sample view of the cars data-set: cars with six cylinders were
emphasized through brushing, histograms are laid over axes, and one data-point is shown with all details.

interestata particularpointin time —andalsoshow therest
of the data-sethut in reducedstyle (smaller accumulated,
etc.) —thisis doneto maintainthe users orientationandto
easenavigationin very largedata-sets.

Degree-of-interestfunctions — for specifyingwhich parts
of the dataareto bedrawn in detail,i.e., for specifyingthe
focus,a degree-of-interes(DOI) functionis used[8], usu-
ally assigninga valueof 1 or 0 to eachdata-pointdepend-
ing on whetherthe data-pointis of currentinterestor not.
Brushingis an effective methodto actively (andexplicitly)
assignvaluesof 1 to data-pointf interest[1, 22].

Brushing extensions— in additionto standardbrushing,
several useful extensionshave beenproposedpreviously.

The introductionof compositebrusheg15], for example,
enabledusersto morespecificallydefinetheir focus. How-

ever, it wasalsoshawn thatinteractionelementf theuser
interfacemustbechosercarefullydueto thevery highnum-
berof possiblewaysof compositinga complex brush[22].

The combinationof brushingand non-binary degree-of-
interstfunctions[15] provedto be usefulfor data-setsvith

gradualchangesn at leastoneof their dataattributes,for

example,datafrom scientific simulation[4]. Also, rather
comple extensiongo brushinghave beenproposeds,for

example,structure-basebrushesdealingwith hierarchical
data-set$6].

In this paperwe proposeseveralsmallbut very effective
extensiongo brushingasaninteractiontechniquefor paral-
lel coordinateqlik e angularbrushingor smoothbrushing,
seesection2). Thereby parallelcoordinatesanbefurther
moreimproved asan effective tool for informationvisual-
izationandfor visualdatamining.

General extensionsto parallel coordinates— duringthe
longtime thatthey have beenanintegral partof InfoViz re-
search,several extensionsto the original parallel coordi-
nateshave beenpresented.A hierarchicalextensionwas
proposed[5], for example, integrating automaticcluster
ing to dealwith really big data-sets.Furthermorea num-
ber of 3D extensionsto parallel coordinateswere pre-
sented21], includingextrudedparallelcoordinate®r link-
ing with wings, for example. Also, higherorder parallel
coordinatesvereproposed18], usinghigherordersplines
to interpolatevalueson morethantwo axes.

In this paper we also presenta numberof further gen-
eralextensiondo parallelcoordinateswhichwe havefound
usefulduring datainvestigation(suchasaddinghistograms
on single axesor a detail-on-demanaption, seefigure 2
andsection3).

Theremaindeof this papeiis structuredasfollows: first
we presenseveralextensionsvhich speciafocusonbrush-
ing (section2). Then,we continuewith further, moregen-
eral extensiongo parallelcoordinategsection3). Laterin
this paperwe alsoshortly presensomeimplementatioris-
sues talking aboutfastrendering for example(section4).
The applicationitself and someresultsfrom visual data
analysisaredemonstrateth section5.

2. ExtendedBrushing for Parallel Coordinates

As alreadydiscussedbove shortly, brushingeffectively en-
ablesthe userto (explicitely) specifyhis or herfocus. In
parallelcoordinatesthis usuallyis accomplishedy mark-
ing a certaindata sub-setof interestaccordingto values
within a single datadimension. In the cars data-sef19],
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Figure 3. Brushing parallel coordinates, an ex-
ample: all cars with four cylinders are marked
and emphasized (only four data dims. shown).

for example, a user could focus on carswith four cylin-
dersby brushingthe respectie portion of the cylinders-
axis. Seefigure 3 for a sampleview — note, that the third
axis (“Acceleration”)wasflipped, sincevaluesaregivenin
secondstil 60MPH, andthereforea smallernumberrepre-
sentsa higheracceleration.

In our application of visually investigating multi-
dimensionabndlarge data-set®riginatingin a physically-
basedsimulationof dynamicprocesse&omputationafluid
dynamics,CFD, for example, seesection5 for more de-
tails), we found standardbrushingof parallel coordinates
very useful, however, we neededto go further The re-
guirementwasto specify a focusnot only in dependence
of onedataattribute (onedimension) but to do sowith re-
spectto atleasttwo of them— like brushingall thosedata-
pointswhich featurea z-velocity largerthanthe respectie
z-velocity. Theconsequenceasto introducea new brush-
ing techniquewhich we calledangularbrushing

2.1 Angular Brushing of Parallel Coordinates

One sstrengthof parallel coordinatess its effectivenessof
visualizing relations betweencoordinateaxes. Bringing
axesnext to eachotherin aninteractive way, the usercan
investigatehow valuesarerelatedto eachotherwith spe-
cial respectto two of the datadimensions.This way, it is
not only possibleto seewhetherdata-pointsexhibit high
or low valuesin single dimensionsbut also their relation
canbeunderstoodMore specifically the slopeof theline-
segmentsin-betweenwo axestells the user whetherthere

-
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Figure 4. Reading between the lines: whereas
most line-segments go up in-between the 2"
and the 3 axis (visualizing a positive correlation
of values there), just a few go down — those have
been emphasized through angular brushing.

is a positive or negative correlationin-betweenvalues(of
courseassumingthat the user setup a proper mapping).
Outliersalso canbe easilyfound with respectto two data
dimensions- whenall but afew line-segmentshave a posi-
tive slope thenthefew othersclearly standout (seefigure4
for anillustration).

In this paper we demonstratédow this featureof par
allel coordinateseasily can be exploited for an extended
brushingtechnique,i.e., angularbrushing. In additionto
standardbrushing,which primarily actsalong the (paral-
lel) axes,we enablethe spacean-betweeraxesfor brushing
interaction,aswell. The usercan interactvely specify a
sub-seif slopeswhich thenyields all thosedata-pointgo
be marked as part of the currentfocus, which exhibit the
matchingcorrelationin betweerthe brushedaxes. Seefig-
ure 4 for an example,whereall negative slopeshave been
markedin-betweerthe secondandthird axis.

Angular brushingasdescribedabove is a useful exten-
sionto parallelcoordinatesalsobecausét very well corre-
spondgo the effective visual cuesprovided by parallelco-
ordinates.Inherently angularbrushingopensthe extended
field of brushing multi-dimensionalpropertiesof high-
dimensionaldata-sets. In addition to compositebrushes
whicharecomposednultiple single-axisorushesy theuse
of logical operatorgseealsobelow in section2.3),angular
brushesallow the selectionof rational propertieswith re-
spectto two of the datadimensions. When comparedto
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Figure 5. Comparing composite brushes (on the left) and angular brushes (on the right), using parallel co-
ordinates (top row) and scatterplots (bottom row): composite brushes address “horizontal/vertical” features,
whereas angular brushes emphasize “diagonal” feature.

compositebrushedy the useof a scatterplowisualization,
we clearlyseethatbrushedasednlogical operatorselect
sub-setsvhich are alignedwith the display axes,whereas
angularbrushesselectsub-setsvhich are alignedwith the
diagonalsvhenvisualizedin ascatteplot (seealsofigure5
for comparison).

2.2 SmoothBrushing and Non-Binary DOIs

Many well-known F+C techniquesn InfoViz suchasfish-
eyeviews|[7, 8], for example,do not usea discretedistinc-
tion betweerfocusandcontext, but allow a multi-valuedor
even continuoustransition, which inherently supportsthe
mental connectionbetweendata-pointsin focus and their
contet. This correspondso a degree-of-interestunction,
which non-binarilymapsinto the [0, 1]-range.

Often, sucha non-binary DOI function is defined by
meansof spatial distances,i.e., the DOI-value reflects
the distanceof a data-pointfrom a so-called centerof-
interest(COl), which in thesecasesoftenis specifiedex-
plicitly, for example,by pointingto it. In theimplicit case,
i.e., whenqueryingis usedfor the specificationof the DOI
function,fuzzylogic canbeusedn thestyleof probabilistic
responses.
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Figure 6. Smooth brushing, an example: note
the gradual changes of drawing intensity which
reflect the respective degree of interest, after

smooth brushing of the 2" axis.
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Figure 7. An example of a composite brush (AND): a CFD data-set is shown with all data-points high-lighted,
which exhibit high values of turbolent velocity (single-axis brush, smoothly along “TurbolenceVelocity”-axis)
and relatively low y-velocity (“Velocity.V”) when compared to 3D-velocity (angular brush after axis flipping).

Brushing also easily combineswith non-binary DOI
functions[15], i.e., when smoothlydelimited brushesare
used. Thereby at the brush boundaries fractional DOI-
valuesbetween(0 and 1 are assigned. When composite
brushesare composedthrough the use of logical opera-
tors,fuzzylogic is employedto aggreyatefinal DOI-values
for every single data-point. In previous work, we already
demonstratethe usefulapplicationof smoothbrushingin
the F+C visualizationof multi-dimensionaldata, originat-
ing in 3D flow simulation[4].

In conjunctionwith parallel coordinatesve extendthe
interactvely specifiedbrushby a certain,userdefinedper
centageo accommodat@ smoothgradientof DOI-values
at its borders. When combiningsmoothbrushesthrough
logical operators,we apply the tukasievicz norm [16],
known from fuzzy logic asa comparablylarge norm [14],
i.e., a norm which (when appliedrepeatedly)only slowly
corvergesto 0 and thereforebetter conseres the transi-
tional DOI-gradients for computingAND- aswell as OR-
combinations. Seefigure 6 for an example of smoothly
brushedparallelcoordinates.

2.3 CompositeBrushesfor Parallel Coordinates

Shortly after the original idea of brushing,also the logi-
cal combinationof brusheswas proposedas a useful ex-
tension[15]. As soonasthe users imaginationaboutthe

featureshe or shewantsto seewithin a data-seggetsmore
and more concrete,a needfor more flexible and multi-
dimensionaldescriptionsof featuresarises. Usercentered
specificationdik e all thosecars which are fast but do not
costa lot, for example,needto be supportedoy visualiza-
tion. Compositebrushesij.e., brushesvhich arecomposed
of simpleonesby the useof logical operatorsareanintu-
itive solutionto the abose mentioned-equirement.

In ourapplication(seealsosection5), compositebrushes
wereto be enabledon the basisof single-axisbrushesan-
gularbrushegqseeabove, section2.1), andsmoothbrushes
(seeaborve, also). We thereforeimplementedhe following
featurego endup with a consistensolution:

Multiple brushes— whene&eranew brushinginteraction
is triggered,a new brushis instantiated represented
by anew entryin a separatdrushlist (separategbart
of the userinterface). New brushescanbe namedby
simply editingthe new entryin the brushlist. Hereby
a usefuloverview is provided while still enablingthe
userto switch betweenpreviously definedbrushegto
comparethem, for example), or to combinethemto
form compositebrushes.

Compositebrushes— single brusheseasilycanbe com-
binedto form compositebrusheghroughthe applica-
tion of logical operators. A nice little featurein our



applicationis thatnew (composite)orushesautomati-
cally derive their namesfrom the brushednvolvedin
the composition.Compositebrushesalsocanbe con-
structedby adding new constraintsinteractely, us-
ing modifier keys throughinteraction. As alreadyde-
scribedabove, compositebrushesarecomputedbased
on the Lukasiavicz norm, when smoothbrushesare
involved (seealsofigure 7).

Support of linking —  in our application, DOI-values
are consideredto be first-rank data-demwatives, i.e.,
brushescanbe loadedfrom and saved to disk, or ex-
changedwith otherviews, for example. Thereby the
heredescribegarallelcoordinateslsocanbeusedas
oneof severallinked views, supportinga linking-and-
brushingstyle of application. Seefigure 8 for an ex-
amplewhereparallelcoordinatesverecombinedwith
a3D scientificview. In thisexample,ascattesplotwas
usedfor brushingandthe parallelcoordinatesaswell
asthe 3D view arelinkedfor F+C visualization.

3. Further Extensionsfor Parallel Coordinates

In additionto the brushingextensionsasdescribedabove,
we alsodevelopedsereralfurtherextensiongo parallelco-
ordinateswhich we foundusefulduring datainvestigation.
Next to simplebut yet very usefulinteractionfeaturessuch
ascoordinateflipping, the additionof histogramsalongall

of the parallelaxeswasfoundto be especiallyuseful.

3.1 Histograms over Parallel Coordinates

Similar to a previously publishedsolution [22], we also
computehistogramsfor all the axes shovn in the paral-
lel coordinatesriew. Thisis especiallyuseful,whenmary

data-pointsareto be shavn. While usersmight betroubled
with resolving clutter problemswith an over-full display

histogramggive a very intuitive clue on wheredata-points
accumulatalongcoordinateaxes.

Dependingon a userdefinedsub-diision, multiple bins
of equalextensionare generatedand the data-pointsare
sortedinto thesebinsduringthe build-up of the parallelco-
ordinatesview. Afterwards,a semi-transparernepresenta-
tion of thebins’ cardinalityis plottedon top of the parallel
coordinateview, comparabldo a histogramalongthis data
dimension.Seefigure 2 for an exampleof parallelcoordi-
natesplushistogramvisualizationalongaxes.

3.2 Flexible Layout with Parallel Coordinates

Fromtheearlybeginningof parallelcoordinate®n, interac-
tion wasa crucial componenbf parallelcoordinateviews
to enablethe userto work with theview andto interactvely
explorethe dataunderinvestigation.

In our application,we implementeda numberof partly
obligatoryand partly new featuresin conjunctionwith the
goalof providing aflexible layoutthe usercanwork with:

Axesre-ordering— probablymostimportantis that the
usercaninteractvely re-orderthe layout of the axes
in use. In our application,singleaxescanbe dragged
around andautomaticallypositionthemselesright in
the gap (betweenwo otheraxes,or at the boundary),
wherethe userdropsthem.

Flipping of axes— alsovery usefulfor datainvestigation
is anoptionwhichallowsusergo flip certainaxes,i.e.,
to requireatop-davn orderingof valuesinsteadof the
standardbottom-upstyle. By doing so, correlations
betweeraxescanbebetterinvestigatedAlso, this op-
tion is especiallyimportantin conjunctionwith angu-
lar brushingasit enablesthe userto brushsub-sets,
which —in a scattetplot — would be alignedalongthe
sub-dominantliagonal(seefigure5).

Changingthe mapping— the default in our application
is to usea min-maxmappingof valuesto coordinate
axes, i.e., minimal and maximal valuesare extracted
beforemapping thenvaluesarelinearly mappedsuch
that minimal values come lowest whereasmaximal
valuesare mappedto the top of the coordinateaxes.
Additionally, two othermodescanbe used: (a) The
usercanenforcethatzerois mappedo thesameheight
alongall the coordinateaxes. (b) The min-maxmap-
ping canbe correlatedalongall the axes, resultingin
a consistenmappingfor of them. Of coursejf notall
of the scalesarecomparablethis modecanresultin a
roughlydistortedview.

Axis scalingand panning—  the user can interactiely
scaleand pan the mappingfor single axes. On the
first sight, this only addsmoreflexibly with adjusting
the view layout. In our application,this option also
providesimportantmeanswhen working in-between
dimensions. Especiallyin conjunctionwith angular
brushing,the ability to scaleand panone of the two
axes(laterto bebrushed)provedto bevery useful.

Deletion and addition of axes— in additionto interactive
re-orderingof axesasshortlydescribedibore, we also
enabletheuserto interactizely deletesingleaxesfrom
theview. Thisis usedto clarify the view, whennotall
of theinformationneedgo beshavn concurrently We
alsoallow the additionof axesto theview, evenif they
arealreadyin use:often,singledatadimensionsareof
specialinterestto the userandthenit is very usefulto
have suchanaxisrepeatedlyin the view, especiallyas
correlationsn-betweernaxesare bestvisualizedwhen
axesarenext to eachother



Figure 8. Linking and brushing, an example: in a scatter-plot (shown on the left side), smooth brushing
was used to mark data-points of low pressure and low velocity; a linked 3D view (on the top right) shows
the same data with the brushed data-points high-lighted; thirdly, the parallel coordinates view (on the lower
right) also shows the same data, also high-lighting the brushed sub-set.

3.3 Detail on Demand

We alsoimplementedh detail-on-demanéeature whichwe
realizedwith a mouse-wer effect. Therebythe usercan
interactively browsethroughthe displayandwheneer the
mousemovesover a poly-line, all the detailsareshown for
therespectie data-point.We alsomale useof this feature
to displaytextual dataattributes,which by default are not
drawvn asaxesatall (problemof mapping).

4. Implementation

To dealwith real-world data-sets- in our caseconsistingof
10%-10° data-point®ach-we quickly experiencedhelim-
itationsof a brute-forceimplementatiorof parallelcoordi-
nates.Simply drawing multiple line-sggmentsfor eachand
every data-pointalreadyposegquite a load on the graphics
hardware— for data-setssin our application,quickly mil-
lions of line-segmentsneedto be dravn. We alsoneeded
semi-transparernygcoloring,andanti-aliasedine-sggments
to nicely integrateall of thefeaturesdescribedn this paper
In the following, we shortly describesomeof the ap-
proachesve utilized to still provide real-timeinteractiity:

Exploiting coherence— during interaction,the applica-
tion seekgo re-useasmuchof the currentvisual out-
put aspossible.Whensingleaxesareflipped, for ex-
ample,only the inter-axis spaceon the left- andright-
handside of the flipped axis are re-renderedall the
restis reused.

Progressverendering— for immediatefeed-backheap-
plication usesa preview-style of rendering,i.e., with-
out anti-aliasingor semi-transparec As soon as
thereis time for betterrenderingthe applicationcom-
putesa high-quality result and replacesthe preview
with theimprovedimage.

Bi-thr eadedimplementation—  to de-couplerendering
andinteraction,we usea bi-threadedmplementation.
Onethreadsenestheuserinterfaceandguarantees-
teractive responsewhile the other threaddealswith
renderingwhich sometimedastsfor a numberof sec-
onds,especiallyfor biggerdata-sets.

5. Application and Results

In our applicationwe investigatemulti-dimensionaldata-
setswhich originatein CFD simulations(run by oneof our
partners)whichusuallyexhibit adozenof datadimensions,
or more. During flow simulation,valueslike temperature,
pressureyvelocity, dissipationrate, and mary others,are
computedor all cellswithin adetailedCFD grid. Datalike
this needscarefulanalysiswhich usuallyis non-trivial, not
only becausehe datais of high dimensionality often laid
outin 3D spaceor eventime-dependent.
Parallelcoordinateswith all the extensiongpresentedh
this paper provedto be very usefulfor datainvestigation.
Theinteractive characteof the heredescribedmplementa-
tion allows for fastandflexible dataexploration,evenwhen



simultaneouslynvestigatingmultiple dimensions Linking
parallel coordinatesand other types of views (like a 3D
SciMiz view, shawvn in figure 8 on the top right) and us-
ing our brushingfeatureseaseddataexploration. Whereas
parallelcoordinatesreusedto find interestingdata-points,
a linked 3D view can simultaneouslyshov where those
data-pointgesidein 3D space.Also the combinationwith
scatterplotswasfoundto beuseful,primarily becauseom-
posite brushesare specifiedmore easily in a scattesplot
thanin parallelcoordinates.

Figuresb, 7, andespecially8 shav resultsof dataexplo-
rationby the useof parallelcoordinatesThe datashawvn is
theresultof a simulationof flow throughpipesshapedasa
T-junction. Flow is comingfrom theleft andthetop (when
referringto figure 8, top left) andleaving the T-junctionto
theright. In figure 7, a compositeAND-brushwas usedto
mark all thosedata-pointawvhich, on the one hand,exhibit
ratherhigh valuesof turbolence(smoothly brushed)and
which arepartof flow regionsthatarewell alignedwith the
negative y-axis(“Velocity.V”), ontheotherhand.

6. Summary and Conclusions

In this paper we have presentedseveral useful extensions
to parallelcoordinatesespeciallyfocussingon brushingin-
teractions. We proposedangular brushingas a new tech-
nigueto effectively selectdatasub-setsvhich exhibit adata
correlationalong(at least)two axes. We alsoshaved how
smoothbrushing can be used, even in combinationwith
compositebrushes We alsoshaved how histgramscanbe
usedasaxisoverlaysto furthersupportdataexploration.
Concluding,we may saythatwe re-experiencedhe ad-
vantagesof an interactive visualizationtool when doing
dataexploration. We alsoconcludethatthe worth of a par
allel coordinatevisualizationincreaseslrasticallywhenin-
teractionfeaturedik e axisre-ordering etc.,areadded.
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